A genetic algorithm-based procedure for solving the optimal phasor measurement units (PMUs) placement problem is presented. It determines the minimal number of PMUs and their geographic distribution making the network observable, and it shows the relationship between the number of current phasors that must be measured on each PMU and the necessary number of PMUs for a given network.
Introduction: Current energy management systems (EMSs) need to accurately monitor in real time the power system state variables, i.e. the voltage phasors (voltages in module and phase) of each bus. The fundamental tool is the state estimation that constitutes the core of all the control operations. A minimum number of appropriately distributed PMUs is needed in order to carry out its state estimation. When these measurements are available, we say the system is observable. The formulation of the observability analysis can be performed by means of measurement assignments to branches with topological algorithms (topological or graphical observability) [1, 2] , or as a numerical approach of the measurement and network loop equations (numerical or floating-point observability) [3] .
When a new state estimation is put into service, or upgrades an existing one, the problem of minimising the number of PMUs and their well-distribution (measurement placement) that provides the maximum reliability for the smallest cost possible arises. In this Letter, we face the problem of finding, using genetic algorithms (GA) [4] , an optimal distribution of the minimal number of PMUs in a power system in order to guarantee the observability for a linear state estimation. In [1, 2] a minimal set of PMUs are found but each PMU must have the capability of measuring the voltage phasor in a bus and the current phasor of all the lines concurring to this bus, irrespective of the number of current lines. This is a non-realistic condition because the number of possible phasor current measurements is clearly limited in real PMUs and it can not be always adjusted to the number of lines of every bus. In this sense, our work presents two essential results: on the one hand, we obtain the minimal set of PMUs that guarantees the system observability as a function of the number of measurements that a PMU can measure; and, on the other hand, we found the minimal number of measurements that a PMU must measure in order to guarantee the observability with the least number of PMUs. This number of measurements of a PMU is, in all the studied cases, less than the maximum number of lines by bus reported in the literature. Thus, we show that it is not necessary to dispose of PMUs with the maximal number of current phasor measurements to obtain the minimal number of PMUs.
Observability analysis: Observability analysis is a search process for portions of a power network for which, given the network and measurement topology, state estimation can be performed. Given an N-bus network, and m measurements of voltage and current phasors, the linear equations relating the measurements and the state vector are:
where the vector z is linearly related to the n-dimensional state vector x containing N-bus voltage phasors, resulting in n ¼ 2N À 1 state variables, H( ) is the (m Â N ) matrix, and e is the (m Â 1) additive measurement error vector. The number of buses made observable is inferred by the rank of the matrix H (the gain matrix). So, the number of buses with state variables that cannot be calculated (noted as F) is determined by [1] :
When the system is completely observable, there are not unobservable buses, and the result of (2) is zero (F ¼ 0).
Proposed method: To find the minimal number of PMUs placed in an N-bus power system (and their distribution), so that the system is topologically observable, is a NP-complete problem, with a solution space of 2 N possible combinations. It can be mathematically expressed as follows:
where PMU i ¼ 1 if there is a PMU placed in the bus i, and PMU i ¼ 0 otherwise; F ¼ 0 means that the system is observable (F ¼ 0). This combinatorial optimisation problem is difficult to resolve due to the discrete nature of the search space with multiple local minima. So, we propose to use GAs to resolve it. The GA encoding is as follows: the chromosome of an individual is formed by binary genes, where each bus of the network has a gene that indicates the existence of a PMU in that bus (bus gene), and one gene for each line of this bus (line genes), used to indicate if the corresponding phasor current measurement is available in this branch. Also, each bus has an additional gene for each incident branch. This step is the most important in the GA development because both speed and corrected running are closely dependent on an appropriate codification. In our case, individuals have as components as buses in the networks.
To calculate the fitness of each individual, an observability analysis is carried out. With phasor measurement, the observability implies that each bus of the network must have one phasor voltage measurement or a phasor voltage pseudo-measurement. From the measurements supplied by the available PMUs, applying Kirchhoff's and Ohm's laws, the remain variables can be calculated (pseudo-measurement). Our method uses the following rules: a pseudo-measurement can be assigned to an unobservable bus if one of its neighbours has a phasor voltage measurement and the line between both has a current phasor measurement or pseudo-measurement. When the buses at the end of a branch are observables, a current phasor pseudo-measurement can be assigned to this branch. Finally, if a bus has all their branches observable except one, a pseudo-measurement can be assigned to this branch. The observability analysis recursively applies theses rules to find the number of buses that are not observables (N H ) and the number of PMUs in the network (N PMU ), using an optimised graph search procedure. The fitness function is calculated according to
where a, b and c are constants. The best results are obtained using
The placement problem is resolved through the followings steps:
Step 1: Given the power network, build its corresponding chromosome
Step 2: Create the initial population
Step 3: For each individual, calculate its fitness function by (4)
Step 4: Apply selection operator
Step 5: Apply crossover operator
Step 6: Apply mutation operator
Step 7: Apply elitist strategy
Step 8: Go to step 3 until G generations are completed
Once computed the fitness value (step 3) for each individual in the population, the algorithm proceeds selecting individuals for reproduction (step 4) on the basis of their relative fitness (in our case the less the fitness value the better the solution represented by an individual). The default selection strategy works by a roulette wheel mechanism to probabilistically select individuals based on the relative fitness value associated to each individual, in such a way that the number of offspring that an individual will produce is expected to be proportional to its performance. In step 5, I=2 couples of individuals are selected and mutually crossed to produce I new individuals that take part of both parent's genetic material. Mutation (step 6) is applied to produce a new genetic structure. In our case, mutation is applied over two randomly selected gene positions (row of buses and columns of branches) on the individual. At this point, a new population has been produced by selection, crossover and mutation of individuals from the old population, and a new generation can start with the fitness evaluation for this new population. In our case, it is desirable to deterministically maintain one or more of the best fitted individuals through the use of an elitist strategy, in step 7. The algorithm works during G iterations (step 8).
Results:
The placement algorithm has been tested on 4 standards IEEE-bus (14-bus, 30-bus, 57-bus, and 118-bus) networks. Results obtained with the GA are given in Table 1 , where l is the minimal number of PMUs needed to make the system topologically observable, @ ¼ (l=buses) Â 100 is the percentage between l and the number of buses of the network, b is the largest number of incident branches of each network, ph is the necessary number of current phasors that must be measured in each PMU to give an optimal solution, and R is a quality factor that relates ph and b. For different studied networks, Fig. 1 shows the number of required PMUs against the number of available current phasor measurements by PMU (it is supposed that, in addition, one voltage phasor measurement must be available for each PMU). For the IEEE-14 network, the best PMUs placement consists of 3 PMUs placed on buses 2, 6 and 9. These PMUs must guarantee 4 current phasor measurements. For the IEEE 30-bus, 7 PMUs are needed on the buses 1, 5, 10, 12, 15, 20 and 27, with the readiness of only 3 current phasor measurements in each PMU. For the IEEE 57-bus 12 PMUs are needed with only 3 current phasor measurements. Finally, for the IEEE 118-bus, 29 PMUs are needed with only 5 current phasors measurements, which means the 50% of the maximal number of incident branches in this network.
Results show that, for each power system, our proposed method determines the minimal number of phasors measured by PMU in order to guarantee the minimal number of PMUs. These characteristics give a marked degree of realism to the method, which is not present in other reported solutions, which need to use PMUs with as current phasor measurements as the maximal number of concurrent lines in all buses of the system.
